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D‘\ViSTbI\'\t\j

Qz=§-- -2 -l o | 2 RN
QLet 3, b be integevs. Then 3 dividesb (3|b)
> 1§ 9 c such that b = ac.

> 16| 322 16 | 0?



Prvoof Techwiques

4?7 =19

> Whew 1S this tvue?
How do you prove this?
wWhat 1S this equivalent to?
Divect Pvoof

» Show that the squave of an even nuwber S an even number
m Rephvased: i§ n 1S even then w” is even
» Pvoof: ASSume w 1S even
—> Thus, n = 2k fov sowme k (definition of even numbers)
— W= (2k) = 4K = 2(2K?)
=> AS n* 1S Z times an integer, W iS thus even
Indivect Proo§ (contvapositive)

» 1§ w* 1S an 0dd nteger then w 1S an odd integer

v

v

v

v

m This 1S equivalent to: i§ w 1S even then w” 15 even



Prvoof Techwiques

> 1§ n 1S an integer and w45 15 0dd thewn w 1S even

» Which one do we need o use?
QO Proof by contradiction
> Theovem (by EBuclid): Theve are infinitely many prime numbers,
Q Proof by cases
> Pvove that |_ w/z J : |_ w/z _| = |_ w/4 J for all integer w,

O ExiStence Pvoof: 9x P(x)
> constvuctive: Find 3 specific value of ¢ Sor which ?(c) 1S tvue
» 8 Squave exiSts that 1S the Suw of two other squaves.

> NoncownsStvuctive: Show that such 3 c exists but don't
acwa\\\j £find it

we wi ee exgawple




Prvoof Techwiques

0O uwiversal Pvoof: VYV x P(x)

0 uwniqueness Pvoof

> |§ the veal number equation 5x+43=3 has 3 solution thewn it 1S unique

QO wductiown

> QU

Q Pvove ov disprvove that m-79mntibol 1S 3 Prime whenevey w 1S 3
PoSitive integev



Forwavrds vs. ®ackwavrds reasoning

0 Exawm?ple: Prove that (a+b)/z>\/(ab) when 3¢ b a>o 3and
b>o

(PF)(@a-Y)7*>o0

= 3> +23b+b*-423b>o
= (3a+b)* > 43ab

=> ((3+b)/2)* > ab

> (a+b)/z > \(ab)



D‘\ViSTbI\'\t\j

QLet 3, b, c be integers,

-~ a|a
we wneed +o0 $1nd ¢ such that 3 = 3ac.
c =
> 1% 3lb and blc then 3|c
AsSuwe 3 | b and b | c.
—> 1 ntegers k, k, Such that b = ka and c = k,b
—> ¢ = kk, & Since k, . k, iS an integer, 3 | c.
» Which proo§ technique we used?

- 1% alb and alc, thew a|(bx+cy) Sor all xy € 2
> 1§ alb and bla then 3 = +b



Quotient and vremaindeyr

O Let 3, b be integers and 3)0. Then there exist unique nwtegevs q and v such
that

b=23aq+v, o <v<a

Proof) Assume that b > o, 1L 1S clear that 4 w Such that wa > b. Let q + | be
the least such w, Then (q+() 32 > b > q 3.

Let v=b-qa. Then b>qa implies v=b-qa>o. Finally (q+()a=qa+a>b implies that v=b-
qa<a.

To Show the uniqueness suppose 4 q, and v, Such that b=qa+r=qa+v o<r v < 3.

ASSume v > v. Then 0 > v - v {3, and (4-9)3=v-v,. Then 3|r-v. I§ v-v >0 3<

-
v-v, (Since 3|v-v)). (¥) Therefore v=v. Then q = q,



ExevciSe

Q'§ 3, b, c are nonzero integers prove that dc | be
i§ and only 5 3 | b

0 Show that fov any nteger n n cannot be of the
Sorm 3 k + 2,



GrcD, LCM

O c 1S a common divisor of 2 and b 1§ c|a and c|b
0 d = 9cd(3,b) 1S the |argest posSitive integer that divides
both 3 and b, wove formally
>d > o
>d|laandd|b
>e|ladaande | b impliese | d

0 lew(3,b) 1S the swallest positive integer divisible by
both 3 and b

Q lew(3,b)=a*b/qcd(a )

03 and b are said to be relgtively prime ov coprime i§
9cd(3,b)=1



ExiStence o§ GcD

O Let 33and b be Wtegevs (3 or b 1S wot zevo). Then d = gcd (3, b) exist.

Q ?Pvoof (nwon-constrctive proof)

Let S ={ax + by | x, y € Z]. Let d be the least positive integer in S. Then d =
ax, + by,.

claim: d = gcd(3, b)

1) ddo

1) e|3 and elb, then e|d.
) dla, dib

Let 3 =dq+v, 0 <v {d Thenv =3 -q9d =13 - q(3ax,+by,) = 3 (I-9x,) - qby_.
clearly v e S. And v { d. Stnce d 1S the least positive integey W S v =
0. Thevefore 2a = dq.

O Proof (cownstructive proof) next page!



ExiStence of G¢D (cwt.)

O cownstrvuctive proo§ (Extended Euclededwn A\gov'\thm)

b =qa+v, 4R
a=q,rtv,,  ov Ly

v, = q,0,+r,, oKv Ly,

(rn = A H,, OK0KY,

Vo = 4., (no vemainder)

Since the vemainder decvedses and it iS an wteger, it will be o eventually.
claim) v, = gcd (3, b)

1) v, Do

W lav |b

-

\\\)e|3,€|b:>€|‘fv\.



Exawple

51329 = 21 2437 + (b2 (= b -22
2437 =16 152 + & = b -2 (52 - 30 * b)

52 =305 + 2 =-2152 4065

b=z2 41 = -2 (52 + 61 (2437 - 16 152)
z=2zl+o0 = 61 2437 - 978 152

= 6l 2437 - 978 (51329 - 2| 2437)
= =978 51329 + 20599 2437



Sumwary

0 d=9cd (3, b)) = I x, ysuch that d =a x + b v,

Q 9cd (3, 0) =7

0 Euclidean Algorithwm to compute GCD

Wput: 3 bwitha > b

v

v

Ooutput: gcd (3, b)

v

Algorithw
» whileb # o
m Set ve—awodb 3¢ b b

» vetuvrwn (3)

v

complexity?



A Few wovre useful stufss

QLlet d =gcd (3, D)
. gcd (/4 b/d) = 2
> d l be E\V\d d = | — ?

>a|ch>(3/d)|c
> gcd (w3, wb) = wd If w > 0

Q9cd (W, n+) ?
Qgcd (3 b) = gcc\ (3 + kb b)?



Yvime

Q P> 21S Prime if
» 3a|P=>3= tlort?
> Hevedfter P 1S Prime
Q [(Buclid]lplab=7P|a0orp|PD
O [Euclid] There are infinite number of primes,
Q Prime number theorem:
> let T(x) denote the number of prime numbers < x then
liw, O/ (x/ I x) = |

O Euler Phi function: For n > | let §(n) denote the number of Wtegevs W [I) w] which ave
ve\a-l;‘n/e\\j Prime to w,

> 1§ P 1S 38 Prime then § (P)=7-!
> 1§ P 1S 2 prime, then (I) ) = ?'(p-0).
> § 18 wmultiplicative. That is i§ ged(w w)=I then §(m*n) = §(n) * §(m)



Fundawmental theovrem of arithwetic

0 Every Positive integer gredtev thaw | can be
uniquely written 33 3 prime ov 3s the product of
two ov wove pPrimes wheve the Prime factovs ave
written in order of nown-decredsing Size

0 Exaw?ples
> 00 =2 %2 %5 % b

>‘3Z=7—*7*‘3

> 29820 = 2 ¥ 2 ¥ 3 ¥ B ¥ 7 % 7|




Paivwise velative priwme

0 A Set of integevs 4 3, --- 4 dve paivwisSe velatively
Prime 1§, Sor 3ll Pairs of wumbers they ave velatively
TVime

> Fovwally: The wtegevrs 4 4, --- 4 dve pdivwise velatively
Prime i§ gcd(3, a’lj) = | whenever | < i< j< n

0 Exawmple: ave (0, (7, and 2( PaivwisSe velatively prime?
> gcd(l0,(7) = 1, ged (17, 21) =, and ged (2, (0) = |
> Thus, they dve padivwise velatively prime

0 Example: 3ve (0, (9 and 24 Paivwise \re\a-l;‘n/e\sj Prime?
> Stnce 3cd(lo’7_4—) # [, they are not



Modular avithwetic

Q '§ 23and bave integers and m iS 3 PoSitive integer, thew 21S congruent Lo b
modulo m § m divides a-p
> Notation: d = b (wod m)
> Rephvased: m | a-b
> Rephvased: awod m= p

> |§ they are not congruent: 2 E/ b (wod m)

O Exawvple: IS 7 congruent to & wodulo 67
> Rephvased: (7 = & (wod 6)
> AS 6 divides (7-5 they ave congruent
O Exawvple: IS 24 congruent to (4 wodulo 6?

> Rephvased: 24 = 4 (wod 6)

> AS 6 does wot divide 24-14 = (o, they ave not congruent



Exam?ple (Wovrld of wod wn)

-2Zn -n 0 n Zn In 4wn
-2+ 4| ( 4| 2Zn+| 2n+( dwn+(
—2n42 -n42 2 nw+2 Zn+2 In+2 dwn+2

-n-| - n-| 2Zn-| 2n-| 4wn-| Ew—|




Move own cons\ruev\ce

QO Every integer 18 either of the forw 4k 4k+1 4k+2 4k+3.
0 Every integev 1S eithev of the form 0 wmod 4 (wod 4 2 wiod 4 3 wod 4

Q Y* - x* - 2 = 0 wmod 4 has no Solution.

O Let 33and bbe integers and let mbe 3 positive integer. Then 3= b (wmod w)
i§ and only i§ awod m = bwod m

O Exawple: IS (7 congruent to & wodulo 67

» Rephvased: does (7 = & (wod ()?

> (7 wod 6 =5 wod 6
O Exawvple: IS 24 congruent to (4 wodulo 6?

» Rephvased: 24 = (4 (wod ()
> 24 wod 6 £ (4 wod 6



Even waore on cov\ymemce

0 Let mbe 3 positive integer. The integers Jand b ave
congruent wodulo m i§ and only i theve 18 an nteger Kk
such that 8 = b + km

0 Exawple: 17 and 5 are congruent wodulo 6
> 17 =5 4 2%
> b= 17 —2%

Q Let 3, b c be ntegers,
> a=3wod n
> da=bwodn =b=23wodn
> da=bwodnandb=cwodwn = 3 =c wod wn



Even even wa\ove own COV\SYU\GV\CG

QO Let mbe 3 positive integer. & 3= b (wod m) and ¢ = d (wod
w) then d+c = (b+d) (wod m) and
dc = bd (mod m)

0 Exawm?ple
> we know that 7= 2 (wod 5) and (|l = | (wmod b)
> Thus, 7+l = (2+1) (wod 5) ov 18 = 3 (wod §)

> Thus, 7*Il = 2% (wmod 5) or 77 = 2 (wod %)

0 An integer x 1S congruent to one and only one of the integers o |

2 e =l wod n.




The c3desay ciyheyvy

0 dulius c3desar used this to eV\cY\j?-b me5539e3

O A function fto encrypt 3 letter 15 defined 3s:
A7) = (p+3) wod 26
» Wheve p1s 3 letter (0 1S A (18 2515 Z etc.)

0 Decryption: fI(P) = (P-3) wod 26

O This s called 3 substitution cipher
> You ave substituting one letter with another



Avithwetic nvevrse

QLet 3 be an htegev, 3% 1S an avithwetic nverse of
ad wodulo w i 3 3% = | wmod w,

0 Suppose that gcd(3, w) =I. Then 3 has an avrithwetic
inwvevrse modulo w,

0 Suppose gcd(3, w) = L.
Then ax = 3y mod w = x =y wod w,

O X*+l = 0 waod § has wo Solutiow,



Equations

Q2zx =5 wod 3

— 2x = 2 wiod 3

— 2"2x=2"2wo0d 3

— x=(wmod 3 (2% =2 wod 3)
Q3 =7wod b

— 33X =2wod b

— 3 3x =3"2wmod b

—~x=4wodb (3" =2 wod})



Su\w\w\av\j oV Cowngruence

O Notation: 3= b (wod m)

> Rephvased: m | a-p

> Rephvased: awod m= b

> Rephvased: 3 = b + wik for Sowme integer k
O Every integer 1S either of the form

> Ak, &k, 4k4+2, O 4k43,

> owod 4 (wod4 2wod 4 or3wod 4
Q \§ 3= b (wod m) 3nd ¢ = d (wmod m) thewn
> d+c = (b+d) (wod m)

» dc = bd (mod m)

O Supyose that gcd(a, n) =l. Then 3 has an arithwmetic inverse 3* wmodulo w ie. 3

a*=23"a =1 wod wn,



cute Exevrcise

QA wuwber 1S divisible by 3 1§ suw of the all digits
1S divisible by 3. Why does this wovrk?



z 7z
w/ "a)

Dzvx = {01 ‘I Zl 31 ...1 V\‘“}
Az =1x|x e Z_ 3and ged(x, w) = (3.

Qz,=10,1,2 3 4, 5]
Qz*-= it 5%

QO Fovr 2 set S S| weans the number of element in S,

alzl=w
alz* = ¢




ca\rd'\vxa\'\t\j

Q For §inite (only) sets, cardinality iS the nuwmber of
elewments 1w the Set

O For §inite and nfinite Sets two sets Aand B have
+the Sawe cavd‘\vxa\‘\t\j § theve 1S 3 one-to-one

covvespondence Svom A +to B



couvxt’wxg

0 Multiplication vule

> |§ theve are n ways to do taski, and »n ways o do taskz

» Then theve are nn ways to do both tasks n Sequewnce,
>  Exaw?ple

» Theve are (8 math wajors and 325 ¢S wajors

» How wany ways ave theve to pick one wmath wmajov and owne ¢S wmajov?

0 Additiown vule
> |§ theve ave n ways to do taskl and n ways to do taskz

» \§ these tasks can be done at the same time then---
» Thew theve are n+n ways to do one of the two tasks

> How widny ways ave theve to Pick one wmath wajov ov owe
cS wajov?

Q The wwclusion-exclusion principle
- (AU A= AL+ (AL 1AM AL



Permutation cowmbination

O An r~Pevwmutation is an ovdered arvangewment of r
elements of the set: P(n, v) 7

! wnw v
> How wany poker hands (with ovdering)?

> P(n, v) = (n=1)(n-2)--- (n-v+()
=wnl/ (n-v)!

0 combination: Whewn ovrder does nwot watter:--
> In poker, the following two hands are equivalent:
»AQ 59, 7%, 04 ka4
PEM, 08, T, 59, AP

> The number of r~combinations of 2 set with nelements
wheve 1 is non-neqative and o< r< M 1s:

cw v) =wl/ (vl (n-)1
> (X+\j)v‘



?Vobabi\’\t\j definition

0 The probability of an event occurring 1s:
?(E) = [E] / IS
> Wheve E 1S the Set of deSired events (outcowes)
> Wheve S 1S the Set of all possible events (outcowes)

> Note that o < |E| < (S|
» Thus, the probability will 3always between 0 and |
» An event that will never happen has probability o

» An event that will always happen has probability |




what's behind door wumber three?

O The Mowty Hall problem pavadox

> consider 3 game Show wheve 3 prize (3 car) 1S behind one of three
doovrs

> The other two doovs do not have prizes (qoats wstead)

> ASter Picking owe of the doovs the host (Mowty Hall) opens 3
diffevent door to show you that the doov he opened 1S nwot the prize

> DO you chahae \jOMV decision?

Your iwitial probability to win (i.e. Pick the vight doov) is (/3

U O

What 1S your chance of winning e you change youv choice aStevr
Mowty oPens 3 wrong doov?

| AStevr MOV\t\j oyewns a wyowng dOO\f, W you chahge youv choice’ youvr
chance of winning is 2/3

> ThuS, youvr chance of winning doubles i you change
> HMh?




ASSighing 'onbabi\'\t\j

0 S: Sample space
0 ?(s): probability that S happewns.
> 0 < P(S) <1 foreachs €S
Do s P(S) =
QO The function 7 S called probability distvibution
0 Exawmv?le
> Far cotn: p(H) = /2 p(T) = /2
> B1ased coin wheve heads comes up twice 3s o§ten 3s +ail

»P(H) = 2 9(T)
PMH)+P(T) =1 =39(T) =1 = ?(7) = 1/3 P(H) = 2/3



Move---

0 uniform distribution
> Edch element S = S (|S| = w) 1S 3sSigned with the probability /v,
g Randow

> The experiment of Selecting an element §rowm 3 sawmple space with

uniforwm distrvibution,
QO Pvobability of the event E
> P(E) = D P(S).
0 Exawmvple

> A die 1S biased so that 3 3appears twice 3s oSten as others
» P(0) =7(2) = ?(4) = ?(5) = 7(6) = /7, ?(3) = 2/7

> P(0) wheve 0 1S the event that an odd nuwmber appears
» ?(0) = 2() + () + ?(5) = 4/7.



combination o§ Events

0 Still
> P(E°) = 1 - P(E)
- P(B, UE,)) =7(E)+7?E,)-7E NE,)
»E NE, == 7E UE,)=7E)+ ?(E,)
»Foralliz=) B MNE == ?PUE) =, 7(E)



conditional ?Yobab’\\‘\t\j

O Flip con 3 times
> 3ll eight Possibility ave equally likely.

> Suppose we know that the §irst coin was tail (Event F). what 1S the
Probability that we have odd wumber of tails (Event E)?
» ownly four cases: TTT TTH THT THH

» So z/4 = (/2.

0O cowditional probability of E given F
> We need t0 use F as the sample space

> Fov the outcowe of E to occuvr, the outcome wust be\ovxg toE N\ F

> P(E[F) =28 N F)/?2(F).



Bernoulli Tvials & Binowmial Distribution

0 ®evovoullt tvial
> an experiment with only two possible outcowmes
> 1.e. 0 (§atlure) and | (Success).

> I§ 7 1S the probability of Success and q 1S the
Probability of failuve P + 4 = 1.

0 A biased cown with probability of heads z/3

> What 1S the probability that four heads up out of 7
tvials?



Randow variable

QO A vandow variable 1§ 3 function from the sample space of an
expeviment to the set of vedl numbers,
> Randow vaviable 3sSigns 3 vedl nuwmber to edch possible outcowe,

> Randow vaviable 1S nwot vaviable! wot vandow!

0 Exawm?Ple: three times coin §lipping

> Let X(t) be the vandow variable that equals the number of heads that
aprear whewn t 1S the outcowme

> X(HHH) = 3 X(THH) = X(HTH) = X(HHT) = 2 X(TTH) = X(THT) = X(HTT) =
[ X(TTT) =0
O The distvibution of 3 vandow variable X on 2 sample space S 1S the
set of paivs (v, p(X=r)) Sovr 3ll v & X(S)
> wheve P(X=vr) 1S the probability that X takes value v.
> p(X=3) = 1/8, p(Xx=2) = 3/8, p(x=1) = 3/8, p(X=0) = 1/8



Expected value

 The expected value o§ the vandow vaviable X(s) on the
sam?ple Space S 1S equal to
B(X) =2 _ P(S) X(8)
() Expected value of a Die
> X 1S the wuwber that cowes up whewn 3 die 1S volled.
> What 1S the expected value of x?
s EX) =16 L+ 1624 1/63+ ---1/66=21/6=17/2
QO Three times coin §li1pping example
> Xt wumber of heads

> E(X)=1/83+3/82+3/81+1/80=12/8=23/2



QuesStions?

0 Yowngdae kim

> emall: yvongdaek(@kaist.ac.kr

v

Home: http://syssec.kaist.ac.kr/~yvongdaek

v

Facebook: https://www.facebook.com/yv0Ongdaek

v

Twitter: https://twitter.com/vongdaek

v

Google “Yongdae Kim”

43 Syss“e‘c‘



